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Nonequilibrium molecular dynamics simulation data for a 12-6 Lennard-Jones fluid
are obtained over a wide range of temperatures, densities and strain-rates. The data,
which cover 660 different state points, are used to deduce the nonequilibrium contribu-
tions to the energy and pressure of the fluid under steady-state conditions. These con-
tributions are analysed and used in conjunction with an equilibrium equation of state
to obtain an accurate nonequilibrium steady-state equation of state for the 12-6 Len-
nard-Jones fluid. Comparison with simulation data indicates that the nonequilibrium
contributions can be obtained with a similar accuracy to the equilibrium contributions.
Relationships for the shear viscosity as functions of density and pressure are obtained,
which adequately reproduce the shear viscosity simulation data. The isochoric shear
viscosity as a function of pressure is shown to be independent of strain-rate at suffi-
ciently high strain-rates. © 2010 American Institute of Chemical Engineers AIChE J, 57:
250-258, 2011
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Introduction

An equation of state typically provides an analytical rela-
tionship between the pressure (p), volume (V), temperature
(T), and in the case of mixtures, composition (x) of a fluid.
The prediction of fluid properties at thermodynamic equilib-
rium has been greatly facilitated by improvements in equa-
tions of state' that increasingly incorporate many of the
underlying subtleties of intermolecular interactions. In partic-
ular, equations of state developed in conjunction with molec-
ular simulation data' have proved valuable in predicting phe-
nomena that are not easily experimentally accessible. How-
ever, many interesting thermodynamic processesz’3 never
attain thermodynamic equilibrium. Instead, some nonequili-
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brium phenomena, such as viscosity at constant shear rate,4
eventually attain a nonequilibrium steady-state. This means
that nonequilibrium thermodynamics is an important con-
sideration for chemical engineering applications involving
areas, such as rheology, lubricants, and confined
fluids. Developing a reliable nonequilibrium equation of state
is important for the prediction of such nonequilibrium
processes.

Conventional equilibrium equations of state cannot be
used for either nonequilibrium or nonequilibrium steady-state
processes. However, it is feasible to formulate an equation
of state specifically for nonequilibrium steady-states. Evans
and Hanleys_10 have used molecular simulation data to
devise equations of state for both the pressure and energy of
a steady-state fluid. In contrast to equations of state based on
extended irreversible thermodynamics (EIT)'' principles,
which use a quadratic correction to the energy, these simula-
tion-based equations use a strain-rate exponent of a = 3/2.
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The o = 3/2 exponent is consistent with both mode-coupling
theory’ and simulation data at the triple point of the 12-6
Lennard-Jones fluid. However, nonequilibrium molecular dy-
namics (NEMD) simulation data'>~'* for the pressure of a
fluid under shear away from the triple-point indicates that
the value of o varies continuously from 1.2 to 2 depending
both on temperature and density.

In this work, we make use of this insight to formulate a
steady-state equation of state for the pressure of a 12-6 Len-
nard-Jones fluid as a function of density, temperature, and
strain-rate. NEMD simulations for shear viscosity are
reported for a wide range of temperatures, densities and
strain-rates. These extensive data are analysed to obtain the
parameters of the equation of state. Pressure-strain-rate and
density-strain-rate dependent relationships for shear viscosity
are also reported and validated against simulation data.

Fundamentals

Simulation Details. The development of a nonequilibrium
steady-state equation of state requires extensive simulation
data for a wide range of state points. To obtain the required
data, Gaussian thermostatted* NEMD simulations were car-
ried out for 2048 12-6 Lennard-Jones particles. If we con-
sider that a nonequilibrium stationary state of a fluid in Cou-
ette flow geometry is driven by an external shear rate the
sllod equations® of motion are given by

F=gtin } )
p=F—ijp,—Ip

In Eq. 1, m is the mass of the fluid; 7 is the velocity; p is

the peculiar momentum, which is the component of momen-

tum in excess of that caused by the strain-rate; i is the unit

vector in the x direction; 7 = dv,/dy is the strain-rate (v, is

the x-component of the streaming velocity), F is the inter-

molecular force and Z is the Gaussian thermostat given by
N

N
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i=1 i=1

sure tensor P in terms of peculiar momentum are obtained

via:
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where r; = r; — r;, Fj; is the force on i because of j and u;; is
the intermolecular interaction energy between the particles.
The second summation of the right hand side of Eq. 2
represents the configurational energy (Eong)-

The pressure was calculated as p = 1/3Tr(P). The shear vis-
cosity (1) was obtained from a component of the pressure tensor
(Pyy) and the strain-rate (y) via the relationship n = —Py/}.
Unless otherwise stated, all quantities in this work will be
expressed in the conventional reduced form relative the depth (¢)
and size (o) Lennard-Jones parameters (i.e., p* = p0'3, T* =
kTJe, E* = EINe, p* = pa’le, n* = na®//m/e, i* = ja\/m/e,
™ = 11/¢/mac?). Hereafter, to simplify the notation all super-
scripts and the word reduced will be omitted from all quantities.
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Figure 1. lllustration of the range of state points (p,T,y) for
which NEMD simulations were performed to
obtain data for the steady-state equation of state.

Data were obtained for a total of 660 state points.

The configurational energy per particle, pressure, and shear vis-
cosity at different strain-rates were obtained for 660 different
state points (Figure 1). This involved performing simulations at
constant reduced densities of p = 0.73, 0.8442, 0.895 and 0.95
and a reduced temperature range 0.70 < T < 1.75. At each den-
sity and temperature simulations were performed for 11 strain-
rates rates that lie within 0.1 <y < 1.1 at equal intervals of 0.1.
The strain-rates were chosen to be well below the “string phase”
region.15

The exponents and related coefficients [given below in
Eq. 4] for both energy and pressure were previously14 found
to be independent of potential truncation. To save a signifi-
cant amount of computational time, the simulations of the
660 state points were performed in a cubic box with a cut-
off distance of 2.5¢. Lees-Edwards periodic boundary condi-
tions were used.* The values of pressure and energy were
accumulated without long-range corrections. The equations
of motion were integrated with a five-value Gear predictor-
corrector scheme'®!'” with a reduced integration time step of
0.001. A nonequilibrium simulation trajectory was typically
run for 4 x 10° time steps. To equilibrate the system, the
NEMD trajectory was first run without a shearing field. After
the shearing field was switched on, the first 2 x 10° time
steps of the trajectory were ignored and the fluid was
allowed to relax to a nonequilibrium steady-state.

The statistical uncertainty in the results depends on the state
point. It is particularly sensitive to the strain rate, with low
strain-rates associated with larger errors than high strain-rates.
Typically, the standard error in the reduced configurational
energy is 107°-107%, compared with a 10-10"2 error range
for the reduced pressure. The range of standard errors in the
reduced viscosity is typically 1072=10"".

Nonequilibrium Steady-State Equation of State. Follow-
ing the approach reported by Evans and Hanley,’ the pres-
sure and the configurational energy (E..n¢) at a given temper-
ature, number density (p = N/V) and strain-rate can be
obtained as the sum of equilibrium (7 = 0) and nonequili-
brium (7 > 0) contributions:

Econf(T7p7 ))) = EOCOHf(p7 T) + E'[’(pv T)’yx

where the zero subscripts identify equilibrium properties.

DOI 10.1002/aic 251



The only difference between Eq. 4 and similar equations
reported previously is that the o term replaces a fixed value
of 3/2. Although it is tempting to refer to p; and E; as non-
equilibrium “pressure” and “energy,” terms respectively, it
is evident that they do not have the corresponding dimen-
sions for these quantities.

To obtain the value of o, we used the relationship reported
by Ge et al.'"* from NEMD simulations of a 12-6 Lennard-
Jones fluid:

o(p,T) =a+bT —cp )

where a = 3.67 + 0.04, b = 0.69 + 0.03 and ¢ = 3.35 £ 0.03.
The parameterisation of Eq. 5 is valid'* over a wide range of
densities and temperatures. Although these parameters were
obtained specifically for the 12-6 Lennard-Jones potential,
there is some recent evidence'® to suggest that they may be
independent of the intermolecular potential. We note that
theoretical considerations'® require that the value of o should
be less than 2.

To make use of Eq. 4, we need analytical relationships for
the equilibrium contributions of the 12-6 Lennard-Jones
potential. There are at least four’> > accurate expressions
for the calculation of the equilibrium pressure for the 12-6
Lennard-Jones potential. The equilibrium pressure po(7,p)
can be obtained by fitting simulation data to the modified
Benedict-Webb-Rubin (MBWR) equation proposed by John-
son et al.,”° which is the most updated version of the equa-
tion of state first proposed by Nicolas et al.*’

1 i eXP(—éﬂz) J 2i
Z=1 +T;Ai(np +f;Bi(T)p (6)

where ¢ typically equals 3 and each of the A and B terms is the
sum of multiple parameters.? This version of the equation of state
accurately correlates pressure and internal energies from the triple
point to about 4.5 times the critical temperature over the entire
fluid range. The equilibrium configurational energy can be
obtained from the following thermodynamic relationship:

p
Op dp

Econ (P,T) - /( _T<7> > (7)

Oconf J o), )

We calculated E; and p; by using Eq. 4 in conjunction
with our simulation data for 660 state points (Figure 1). Val-
ues of p; and E; were determined using a least-squares fit of
the sheared steady-state energy and pressure data obtained
from the NEMD simulations.

It is convenient to introduce the following definition for
the nonequilibrium steady-state compressibility factor:

Z; == (8)

It should be noted, that unlike its equilibrium counterpart
when Eq. 8 is expressed in terms of real units Z; is not a
dimensionless quantity. This relationship allows us to accu-
rately fit our simulation data via the following polynomial’:
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where X = pTﬁl/ “ 1t has been reported’ that this definition of
X could be used to fit data for a soft sphere potential. Hanley
and Evans’ used a similar approach to fit their data for j = 1
and o = 2/3. However, using y = 1 effectively means that
neither 7 nor « influenced the fit as 1 raised to any power
remains unchanged. In contrast, our data covers values of 7
from 0.1 to 1.1, and the value of alpha is not constant but
varies as given by Eq. 5. Applying Eq. 9 to our data
incorporates a strain-rate dependency in the fit.

Combining equilibrium and steady-state contributions via
Eq. 4 means that the pressure of a nonequilibrium steady-
state 12-6 Lennard-Jones fluid experiencing constant shear
can be obtained from

6
pT+ZA(T ot exp(=3p%) > Bi(T)p* !

=1 i=1

+Pi2ﬁ sixgitmpl=i (10)

i=0 j=0

w

It should be noted that because Eq. 10 was obtained from
fitting our simulation data it is free of any assumption con-
cerning the thermodynamics of the nonequilibrium steady-
state.

Relationships for Shear Viscosity. Non-Newtonian shear
viscosity is usually studied as a function of strain-rate. How-
ever, for both real experiments and NEMD simulations the
influence of temperature, density, and pressure are also sig-
nificant. For example, McCabe et al.*® have demonstrated
qualitatively the pressure (or equivalently density) depend-
ence of non-Newtonian viscosity for 9-octlyheptadecane.
From NEMD simulation data they found that at high pres-
sures 9-octlyheptadecane first showed shear thinning behav-
ior at lower strain-rates.

To model viscosity, we first define a generic variable W
that can represent T, p, p or J. Following the approach used
by Kapoor and Dass,”’ we assume the ratio of the first and
second derivatives of viscosity with respect to the compressi-
bility factor is a W-independent parameter (Y).

vy ’n(z;,w
073

)./e5, o

Successive integration gives

(aﬂ(aZzW)) =1'(0,W)exp(YZ;)
o MOz 1) [
n(Z;, W) = n(0,W) + o, pif4)

Y

Expanding the exponential and truncating after the first
two terms leads, after simplification to:

N2 W) =n0.W) +1/(0.W)(2;+05v28)  (3)
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Table 1. Values of py, p; and o Appearing in Eq. 4 for Three Different Densities and a Range of Temperatures

p =073 p = 0.8442 p = 0.895

T Po Py o Po Py o Po Ps o
0.7 —0.384(3) 8.431(4) 1.985(2) 0.806(8) 9.49(1) 1.910(4) 1.95(1) 10.15(1) 1.853(5)
0.722 —-0.301(3) 8.430(4) 1.981(2) 0.943(7) 9.479(9) 1.912(4) 2.12(1) 10.12(1) 1.859(5)
0.75 —0.182(3) 8.418(4) 1.983(2) 1.122(9) 9.44(1) 1.918(5) 2.32(1) 10.07(1) 1.863(6)
0.8 0.015(3) 8.401(4) 1.988(2) 1.431(6) 9.393(8) 1.925(3) 2.67(1) 10.01(1) 1.874(6)
0.85 0.209(3) 8.392(4) 1.981(2) 1.733(6) 9.353(7) 1.935(3) 3.02(1) 9.95(1) 1.883(6)
0.9 0.410(3) 8.372(4) 1.991(2) 2.028(4) 9.303(5) 1.937(2) 3.36(1) 9.89(1) 1.890(6)
0.95 0.604(3) 8.362(4) 1.989(2) 2.319(4) 9.271(5) 1.940(2) 3.71(1) 9.83(1) 1.901(6)
1 0.794(3) 8.355(4) 1.993(2) 2.609(4) 9.233(4) 1.949(2) 4.04(1) 9.78(1) 1.908(6)
1.05 0.988(3) 8.338(4) 1.994(2) 2.889(1) 9.203(1) 1.954(7) 4.36(1) 9.74(1) 1.912(6)
1.1 1.169(3) 8.330(4) 1.992(2) 3.164(3) 9.167(4) 1.954(2) 4.69(1) 9.69(1) 1.921(6)
1.15 1.351(3) 8.328(4) 1.990(2) 3.448(5) 9.141(7) 1.965(3) 5.01(1) 9.64(1) 1.927(6)
12 1.539(3) 8.311(4) 1.997(2) 3.718(3) 9.104(4) 1.966(2) 5.33(1) 9.59(1) 1.935(6)
1.25 1.710(3) 8.313(4) 1.990(2) 3.982(3) 9.086(4) 1.967(2) 5.64(1) 9.57(1) 1.935(6)
1.35 2.065(3) 8.295(4) 1.990(2) 4.501(3) 9.042(4) 1.968(2) 6.25(1) 9.49(1) 1.947(6)
1.75 3.421(3) 8.257(4) 2.001(2) 6.492(3) 8.910(3) 1.985(1) 8.58(1) 9.28(1) 1.974(6)

The values were obtained from a least-squares fit of NEMD simulation data for a range of strain-rates (detailed in the text). The statistical uncertainty in the last

digit is given in brackets.

This means that the viscosity can be simply calculated
from three adjustable parameter #7(0,W), #'(0,W), and Y that
can be easily obtained by fitting Eq. 13 to the simulation
results. In the same way, we can obtain the viscosity as a
function of pressure and strain-rate from:

n(p,7) = n(0,7) +1'(0,7)(p + 0.5¥p?) (14)

where, in this case Y is defined by:

We can also obtain the viscosity as a function of density
and strain-rate from:

n(p,7) =n(0,9) +n'(0,7)(p + 0.5Y p) (16)

where, in this case Y is defined by:

Y = <W>i/<a’1gzi’))? a7

Results and Discussion

The state point and strain-rate coverage of our simulation
data used to obtain nonequilibrium steady-state contributions
is illustrated in Figure 1. The simulations were confined to
the dense fluid region because at very low density neither
energy nor pressure is strain-rate dependent. Equation 4 is
valid for the entire fluid region with the exception of state
points close to the freezing point. The pressure and energy
data obtained by fitting the simulation data to Eq. 4 are sum-
marized in Tables 1 and 2, respectively. It should be noted
that the fits for energy and pressure should not be done inde-
pendently.

A least-squares estimate of p; was obtained for each state
point (p,T) over a range of strain-rates by using a multiple

Table 2. Values of Eqcons, E; and o Appearing in Eq. 4 for Three Different Densities and a Range of Temperatures

0 =073 p = 0.8442 » = 0.895

T Ey E, o EO E«/‘ o E() E}‘ o
0.7 “49411(5)  0.1043(6) 1.59(2) 25.6651(7)  0.2226(7) 1.256(9) ~5.933(1) 0.322(1) 1.08(1)
0.722 —4.9220(4) 0.1014(4) 1.58(1) —5.6404(6) 0.2177(6) 1.259(8) —5.903(1) 0.314(1) 1.09(1)
0.75 —4.8977(4) 0.0982(5) 1.61(2) —5.6086(9) 0.212(1) 1.26(1) —5.867(1) 0.305(1) L.11(1)
0.8 —4.8579(7) 0.0941(8) 1.61(3) —5.5515(6) 0.2006(6) 1.319(9) —5.804(1) 0.293(1) 1.14(1)
0.85 —481694)  0.0888(5) 1.68(2) C54971(4)  0.1924(5) 1.348(8) ~5.740(1) 0.279(1) 1.17(1)
0.9 —4.7783(4) 0.0855(5) 1.71(2) —5.4432(7) 0.1830(8) 1.36(1) —5.678(1) 0.266(1) 1.19(1)
0.95 —4.7783(4) 0.0855(5) 1.71(2) —5.3912(8) 0.1758(9) 1.36(1) —5.615(1) 0.253(1) 1.24(1)
1 —4.7028(3) 0.0787(4) 1.77(2) —5.3379(7) 0.1674(7) 1.42(1) —5.556(1) 0.243(1) 1.25(1)
1.05 —4.66594)  0.0753(4) 1.78(2) ~528684)  0.1616(5) 1.47(1) —5.498(1) 0.234(1) 1.28(1)
1.1 —4.6303(5) 0.0736(6) 1.81(3) —5.238(1) 0.155(1) 1.44(2) —5.4397(6) 0.2246(6) 1.314(8)
1.15 —4.5952(4) 0.0712(4) 1.79(2) —5.186(1) 0.148(1) 1.53(2) —5.3807(8) 0.2146(8) 1.36(1)
1.2 —4.5606(4) 0.0691(4) 1.77(2) =5.137(1) 0.142(1) 1.54(2) —5.324(1) 0.205(1) 1.38(1)
1.25 _45258(4)  0.0677(5) 1.84(3) ~5.0895(7)  0.1383(8) 1.56(2) ~52697(6)  0.1995(6) 1.39(1)
1.35 —4.4577(4) 0.0628(5) 1.88(3) —4.9946(5) 0.1288(6) 1.61(1) =5.159(1) 0.183(1) 1.45(2)
1.75 —4.2012(4) 0.0538(5) 1.94(4) —4.6353(4) 0.1021(5) 1.73(1) —4.7463(9) 0.141(1) 1.61(2)

The values were obtained from a least-squares fit of NEMD simulation data for a range of strain-rates (detailed in the text). The statistical uncertainty in the last

digit is given in brackets.
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Table 3. Parameters for the Nonequilibrium Steady-State Equation of State Regressed from the Simulation Data of This Work

j=0 Jj=1 j=2 Jj=3
foi 14.474498040195400 —6.647556155245270 3.917705698095090 —0.915316394378783
fij —1.717513016301310 2.732677555831720 —0.446753567923021 —0.232780581631844
o 6.717727912940890 —13.095727298095300 6.374714825509740 —0.834708529404541
S —7.343084320883140 15.874167538948800 —10.100511777914100 2.135496485879440
m 0.870890115604038

non-linear Levenberg-Marquardt regression algorithm.”® The
R-squared value is 0.97, which indicates that we have
accounted for almost all of the possible variability with the
parameters given in the model. For each value of p; at a
given T, p, and o (Table 1), several values of Z; can be
obtained from Eq. 8 corresponding to different values of 7.
These data in turn can be accurately fitted to Eq. 9 using the
coefficients summarized in Table 3. This means that Eq. 9
can be used over the entire range of densities, temperatures,
and strain-rates studied (Figure 1). In contrast to our work,
Evans and Hanly,7 assigned a value of zero to several of the
fij coefficients, which probably partly reflects the much more
limited scope of their simulation data.

To check the validity of our fit we performed independent
zero-shear rate equilibrium molecular dynamics simulations
at a density of p = 0.73 and various temperatures. These
simulation data are compared with the equilibrium pressure
po obtained from our least squares fit (Figure 2a). It is evi-
dent that the fit yields very good agreement with the simula-
tion data. In most cases the relative deviation between the

25

4 T T L J T T
b [
[
2 o e o i
| ° ®
— [ ]
100 x Pen = Pe)
Diim . .
24 .
4 T T T
0.70 0.83 0.9 109 1.22 1.35
T

Figure 2. (a) Comparison of equilibrium molecular sim-
ulation pressure data (O) for Lennard-Jones
fluid at p = 0.73 with values from Eq. 4 (solid
line) and (b) the corresponding relative per-
centage difference (®).
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calculated and simulated equilibrium pressure is less than
2% (Figure 2b). The positive deviations in Figure 2b reflect
the fact that the fit slightly over estimates the equilibrium
pressure. In view of this, we can be confident that the esti-
mates of ps, Ej, and o are quite reasonable.

Figure 3 illustrates the variation of p; (Figure 3a) and E;
(Figure 3b) as a function of temperature at various constant
densities. It is apparent that both quantities progressively
decline with increasing temperature. Increasing the density
also increases the values of p; and E; for any given tempera-
ture. However, the effect of density is most noticeable at rel-
atively low temperatures.

Figure 4a compares the steady-state compressibilities cal-
culated at different strain-rates using Eq. 9 with simulation
data at different temperatures. It is apparent that irrespective

11.2 —
e o a
Tp=095 ® . ° . 1
10.4- ML
) °c . .
be o o [
p=0895 ° o 4
® ™ °
9.6 ® o o .
e o [
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4 P ® e e o 4
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0=0.73 ¢ 00 e 1
8.0 T T T T T T N T v
0.70 0.83 0.96 1.09 1.22 1.35
T
0.48 —rr
Pe o b
L ]
1p=095 o |
®
¢ o
0.33 4 ) .
b o ° . ® . °
p=0895 ©® 4 !
E. * o .
4 b o ® . °
* . ® o
018{p=08442 * o o 4
[ ] e °
® 'Y 4
lee o ]
p=073 ® ® * s e 0 e 4
0.03 — — — .
0.70 0.83 0.96 1.09 1.22 1.35

Figure 3. Nonequilibrium steady-state contributions to
(a) p; and (b) E; for a Lennard-Jones fluid as
a function of temperature at four different
densities.
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Figure 4. Comparison of the relative percentage differ-

ence of steady-state compressibility obtained
from this work with the values calculated
from Eq. 8 as a function of strain-rate (a) for
the temperature range T = 0.70-1.75 and (b)
for the density range 0.73-0.95.

Shown are (a) p = 0.73 (M), 0.8442 (@), 0.895 (A), 0.95
(W) (b) T = 0.7 (W), 0.90 (@), 1.10 (A), 1.35 (¥), 175
().

of either the strain-rate or the temperature, Eq. 9 can repro-
duce the simulation data to a typical accuracy of ~2%. A
similar comparison for the accuracy of Eq. 9 with respect to
both strain-rate and density is illustrated in Figure 4b. The
quality of the agreement for density is similar to that
observed for temperature.

24 ¥ 3
A A
100% (Z,(sim) —.Zy(cal)) * > _ '
Z(sim) . ;
i *

-4 T T T T T
0.72 0.76 0.80 0.84 0.88 0.92 0.96

Figure 5. Comparison of the relative percentage differ-
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ence of steady-state compressibility obtained
from this work with the values calculated
from Eq. 8 as a function of density.

Shown are (T,7) = (0.75, 0.1) (H); (0.90, 0.3)(®); (1.05,
0.5) (A); (1.20, 0.7) (W); (1.35, 0.9) («@); (1.75,1.1) (p>).
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Figure 6. Comparison of the relative percentage differ-
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ence of steady-state compressibility obtained
from this work with the values calculated
from Eq. 8 as a function of temperature.

Shown are (p,7) = (0.73, 0.2) (H); (0.8442, 0.4) (@);
(0.895, 0.6) (A); (0.95, 0.8) (V¥).
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Shear viscosity for a 12-6 Lennard-Jones
fluid as a function of nonequilibrium steady-
state compressibility obtained from NEMD
simulation (QO) reported here and values
obtained from Eq. 13 (solid lines) for T = 0.70
- 1.75 and (a) p = 0.73, y = 0.1, (y(O,W) =
1.5242, ' (0,W) = —2.4179, Y = —10.5966) and
(b) p = 0.895, y = 0.4, (y(0,W) = 2.3128, '(0,W)
= 0.6770, Y = —0.3253).
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Figure 8. Comparison of the shear viscosity for a 12-6
Lennard-Jones fluid as a function of nonequi-
librium steady-state compressibility obtained
from NEMD simulations (O) at p = 0.8
reported here with values obtained from Eq.
13 (solid lines) for y = 0.3-1.1 at(a) T = 1.0
(n(O,W) = 3.4143, 4 (0OW) = -0.1224, Y =
—0.0760) and (b) T = 1.20 (4(0O,W) = 3.24193,
7' (0,W) = —0.1120, Y = —0.0879).

The accuracy of Eq. 9 for a given strain-rate and tempera-
ture at different densities is examined in Figure 5. At both
low and high densities there is a tendency to overestimate
Z;, whereas the data is generally underestimated at interme-
diate densities. However, the error is small resulting in a rel-
ative deviation of ~2% in most cases. Figure 6 compares
the ability of Eq. 9 to reproduce the compressibility data for
a given strain-rate and density at various temperatures. For
most temperatures the relative deviation is ~2%. Within this
small error range, over estimates or under estimates appear
equally likely, irrespective of the temperature.

The analysis presented in Figures 4, 5, and 6 clearly indi-
cates that the steady-state equation of state can reproduce
the simulation results over the range of densities, tempera-
tures and strain-rates covered by this study. The quality of
the fit for Z; is very close to the quality of agreement
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Figure 9. Comparison of shear viscosity simulation
data (O) reported here for the 12-6 Lennard-
Jones fluid as a function of pressure at four
different densities and constant strain-rates
of (a) 0.3 (4(0,7) = 1.4378, »'(0,y) = —0.0335, Y
= —0.2925), (b) 0.5 (4(0,y) = 2.6617, #'(0, 7) =
—0.0653, Y = —0.0536), (c) 0.7 (y(0,7) = 2.9511,
7'(0,) = 0.0030, Y = —1.45) and (d) 1.0 (4(0,7)
= 2.9294, 4'(0,7) = 0.0499, Y = —0.0621) with
values obtained from Eq. 14 (solid lines).

The data cover the temperature range of T = 0.70 to T =
1.75.
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Figure 10. Comparison of shear viscosity simulation
data (O) reported here for the 12-6 Lennard-
Jones fluid at T = 1.0 as a function of density
with values obtained from Eq. 16 (solid lines).

Results are shown for strain-rates of 0.2 (7(0,7) = 25.9563,
7O, 7) = —=72.1191, Y = —14613), 04 (0,7 =
15.0339, #'(0,7) = —43.1501, Y = —1.5513), 0.6 (5(0,y) =
10.7986, 1'(0,7) = —31.5572, Y = —1.6155) and 0.8 (1(0,))
= 8.7105, '(0, 7) = —25.6701, Y = —1.6591).

obtained for the pressure for the equilibrium 12-6 Lennard-
Jones equation of state (see Fig. 4 in ref. 20). This means
that we can expect the nonequilibrium equation of state to
be of similar accuracy as its equilibrium counterpart.

The ability of Eq. 13 to reproduce our shear viscosity data is
illustrated in Figure 7. The comparison, which involves both dif-
ferent densities and strain-rates, indicates that good agreement
can be obtained for the full range of compressibility values. An
analysis at a common density but different temperatures is given
in Figure 8, which indicates that Eq. 13 can also accurately
reproduce the temperature-dependence of shear viscosity.

Figure 9 compares the viscosity-pressure behavior obtained
from Eq. 14 with simulation data at several different densities
and strain-rates. We observe that it is rare for the shear-dependent
viscosity to be investigated either experimentally or theoretically
as a function of pressure. It is apparent that there is good agree-
ment between Eq. 14 and the simulation data. From Figure 9 it
can be observed that, irrespective of the strain-rate, the shear vis-
cosity at a given pressure increases as the density is increased.
For most densities, at low strain-rates, the shear viscosity declines
noticeably as pressure is increased. However, as the strain-rate is
increased, the rate of decline in the viscosity with respect to
increasing pressure progressively decreases. This means that at a
sufficiently high strain-rate, the shear viscosity is likely to be in-
dependent of pressure. However, the data at p = 0.73, which
shows a small increase in shear viscosity with increasing pres-
sure, appears to be an exception to this general behavior.

The variation of shear viscosity with respect to density at
constant temperature is examined in Figure 10, which indi-
cates that Eq. 16 can be used to reproduce the simulation
data. The comparison involves data at different strain-rates.
At low density, the shear viscosity is very similar irrespec-
tive of the strain-rate. However, a distinction in the shear
viscosity begins to emerge at moderate density and increases
progressively as the density is increased. At any moderate to
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high density, there is an inverse relationship between the
shear viscosity and the strain-rate. That is, the shear viscos-
ity decreases with increasing strain-rate.

It is apparent from the above comparisons that our shear
viscosity model can accurately reproduce the simulation
data. The most common method for reproducing strain-rate
dependent shear viscosity data is to collapse the data onto a
single characteristic curve.”” It been demonstrated®® this
approach can yield a good qualitative representation between
simulation and experimental data of the viscosity versus
strain-rate behavior of squalane. The obvious disadvantage
of this approach is that details of both pressure and tempera-
ture dependence of shear-viscosity are lost. To the best of
our knowledge, accurate models for the strain-rate dependent
shear viscosity, as functions of either pressure or density
have not been reported. In contrast, as illustrated above, our
approach accurately reproduces the simulation data for the
shear viscosity with respect to both density and pressure.
The agreement between our model and the simulation data is
typically within an absolute average deviation (AAD) of less
than 1%.

In addition to the comparison with simulation data, it
would be highly desirable to compare our model with exper-
imental data. In many cases, there are insufficient experi-
mental data for strain-rate dependent shear viscosities at dif-
ferent temperatures, densities and pressures to obtain reliable
values of the parameters of our model. Typically experimen-
tal measures focus on the effect of shear and as such they
are conducted at a common pressure. In contrast, the shear
viscosity of squalane has been reported30 at different pres-
sures and densities. We have compared our model with
these simulation data in Figures 11 and 12. The comparison
indicates that the model accurately reproduces the experi-
mental viscosity-density and viscosity-pressure behavior of
squalane.

14

—
0.975 0.978 0.982 0.985 0.989 0.992
p,glem®

Figure 11. Comparison of experimental shear viscos-
ities of squalane (®) at T = 20°C and various
strain rates and densities with values
obtained from Eq. 16 (solid lines).

Results are shown for strain-rates of 223 s~ gg 0, y) =
4.17 x 10" cPem?/g, 7 (0, 7) = —8.55 x 10 cPcm3/$d
Y = —1.025 cm’/g), 890s™" (7 (0, ) = 1.92 x 10
cPem®/g, #' (0, 9) = —3.96 x 10" cPcm3/%b Y= —1.029
cm®/g) and 1780 s~! (. 3) = 1.14 x 10 cPem¥/g, i’
(0, y) = —2.36 x 10" cPem’/g, Y = —1.03 cm?/g). In all
cases the AAD is less than 1%.
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Figure 12. Comparison of experimental shear viscos-

ities of squalane (®) at T = 20°C as a func-
tion of pressure with values obtained from
Eq. 14 (solid lines).
Results are_shown for strain-rates of 223 s ' (57(0,7)=
1.94 x 10" cP/Pa, if(0,9) = —4.99 x 10"7cP/Pa, ¥ =
—1.3 x 10° Pa™"), 890 s™' (5(0,7) = 7.13 x 10'°cP/Pa,
7(0,9) = —1.96 x 10"7cP/Pa, Y = —1.104 x 10° Pa ")
and 1780 s (7 (0,5) = 3.96 x 10'°cP/Pa, 1'(0,7) =
—1.10 x 10"7cP/Pa, ¥ = —1.448 x 10° Pa™"). In all case
the AAD is less than 1%.

Conclusions

Extensive NEMD data for a 12-6 Lennard-Jones fluid
have been obtained for a wide range of temperatures, den-
sity, and strain-rates, which can be used to deduce the none-
quilibrium contributions to the energy and pressure of the
fluid under steady-state conditions. The nonequilibrium com-
pressibility factor can be accurately fitted to a polynomial
function involving temperature, density, and strain-rate.
Using this fit in conjunction with an equilibrium equation of
state yields a nonequilibrium steady-state equation of state
for the 12-6 Lennard-Jones potential. Comparison with simu-
lation data indicates that the nonequilibrium contributions
can be obtained with similar accuracy to the equilibrium
contributions. Relationships for the shear viscosity as func-
tions of density and pressure have been obtained, which
adequately reproduce the simulation data. The isochoric
shear viscosity as a function of pressure is shown to be inde-
pendent of strain-rate at sufficiently high strain-rates.
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